We investigate the para-ferro transition of the repulsive SU(N ) Hubbard model on one-and twodimensional Tasaki lattices. Under certain restrictions for constructing localized many-particle ground states of flat-band ferromagnetism, the quantum strongly correlated electrons model is mapped to a classical statistical geometric site-percolation problem, where the nontrivial weights of different configurations must be considered. We prove rigorously the existence of para-ferro transition for the SU(N ) Hubbard model on one-dimensional Tasaki lattice by transfer-matrix method, and numerically determine the transition point for the model with symmetries up to SU(10). In two dimensions, we numerically investigate the phase transition of SU(3), SU(4) and SU(10) Hubbard models by Metropolis Monte Carlo simulation. We find that the critical density exceeds that of standard percolation, and it increases with spin degrees of freedom, implying that the effective repulsive interaction becomes stronger with increasing N . We further rigorously prove the flat-band ferromagnetism of the SU(N ) Hubbard model, when the number of particles equals to the degeneracy of the lowest band in the single-particle energy spectrum.
I. INTRODUCTION
In condensed matter physics, the interplay of the Coulomb interaction with Pauli principle is a fundamental problem, from where many intriguing phases can appear. For a many-body strongly correlated electrons system, although the exact results are rare due to the notorious sign problem of fermions [1, 2] , itinerant ferromagnetism is one of the few problems, where the exact results or rigorous proofs can be obtained [3] [4] [5] [6] [7] . For a system with a flat band within the single-electron energy spectrum, the flat band may be beneficial to realize ferromagnetism as it effectively reduces kinetic energy. For instance, Mielke and Tasaki prove flat band ferromagnetism in a class of lattices, based on a systematic route called "cell construction" [5] .
Flat band ferromagnetism has attracted a lot of interests for topological and magnetic phases [8] [9] [10] [11] [12] [13] [14] [15] . But previous works mainly focus on the fermions systems possessing the SU(2) spin-rotational symmetry. The SU(N > 2) generalization of flat band ferromagnetism is not only of theoretical interests [16] [17] [18] [19] [20] [21] , but also of experimental relevance [22] [23] [24] [25] . The cold atom systems with high degrees of freedom of nuclear spin, provide a fascinating playground to simulate the SU(N ) fermionic Hubbard model [26] [27] [28] [29] . And the quantum simulation by cold atoms has been theoretically proposed and further experimentally realized by loading ultracold alkaline-earth-metal(-like) atoms in different optical lattices [22, 23, 30, 31] . For instance, the six-component * wenxing.nie@gmail.com † wzhangl@ruc.edu.cn 173 Yb [23, 24, 32, 33] and ten-component 87 Sr gas [30, 34] were successfully simulated.
In this paper, we investigate the para-ferro transition and flat band ferromagnetism of the SU(N ) Hubbard model on the highly frustrated lattices featured by flat bands, representatively, on one-and two-dimensional Tasaki lattice for instances. The mapping from quantum Hubbard model to a classical statistical geometric site-percolation problem, was initiated by Mielke and Tasaki [5] , and was further developed by Maksymenko et al. [35] . Here, we first extend the mapping from the SU(N ) Hubbard model to an N -state Pauli-correlated percolation (PCP) problem, where an SU(N ) correlated weight for each configuration is considered. Then we obtain the exact results in one-dimensional (1D) Tasaki lattice for the SU(N ) Hubbard model, and further verify the para-ferro transition numerically. Furthermore, we implement important samplings by Metropolis Monte Carlo simulation to investigate the para-ferro transition for two-dimensional (2D) Tasaki lattice. Moreover, we prove rigorously that the flat-band ferromagnetism of the SU(N ) Hubbard model, when the number of particles N e equals to the degeneracy of the lowest band N d in the single-particle energy spectrum. where σ is the label of the flavor or color of a fermion (σ = 1, · · · , N ). The operator c i,σ and its adjoint c
The lowest band of single-particle energy spectrum of the Tasaki lattice is completely dispersionless as long as t 2 = √ c t 1 > 0, in which c is the coordination number of the corresponding undecorated lattice (c = 2 and c = 4 for 1D and 2D Tasaki lattices, respectively). The existence of flat band is due to destructive interferences of particle hoppings, implying that we can construct the localized single-particle eigenstate in each trapping cell [36] , whose wave function only overlaps with that of particles in adjacent cells. When non-interacting electrons filled into the flat band, the ground states are degenerate and the ferromagnetic state is one of them.
Since the repulsive interaction is positive semidefinite, the ground-state energy may not decrease as we turn on U > 0. Considering that we populate low-density Ncomponent fermions into the Tasaki lattice, each trapping cell is occupied by at most one particle to avoid energy penalty. When the particle density increases, the wave function of a trapping cell can not avoid overlapping with that of adjacent one. But the energy penalty can be avoided as well if the particles in the adjacent trapping cells are in the same spin state [35] . Namely, the minimization of energy requires all spins of particles belong to the same cluster being aligned, and this is the origin of ferromagnetism. This is the key observation that the mapping from flat band ferromagnetism to site-percolation problem may work [35] .
However, different with standard percolation [37, 38] , the spin degeneracy of the ferromagnetic state of a cluster C of size |C| (or the number of particles in cluster C), is given by the dimension of the irreducible representation of the SU(N ) group [39, 40] ,
which equals the number of standard Young tableaux having one row with |C| boxes. We obtain one-to-one correspondence between the ground states and the configurations of n (≤ N ) particles distributed over N traps, after a nontrivial weight of each configuration is considered:
where M q denotes the number of clusters in configuration q. Here e µ is a fugacity which can be used to tune the number of particles in a grand-canonical ensemble. We point out that the nontrivial weight is introduced by the degeneracy of the SU(N ) ferromagnetic state. The implication of the nontrivial weight as an effective repulsion will be clear in following model calculation. Further analysis show that for a given number of particles, the relative probability for them to be decomposed into smaller clusters is larger than forming large clusters, which implies this nontrivial weight gives rise to an effective repulsive interaction, tending to break up the large clusters [35] . Besides, the repulsive effect becomes stronger as N increases, indicating the formation of clusters with size proportional to the system size, i.e., the percolation transition, will be harder as N increases.
The expectation value of an operator O can be calculated by
For the sake of magnetism, we need the expectation value
, where S is the total spin operator. We consider the quadratic Casimir operator S 2 of the SU(N ) group. Because the particles belonging to the same cluster are in ferromagnetic state, the eigenvalue of S 2 with cluster size |C| is
in which R(|C|, N ) = [41] . The total spin S 2 q for a given geometric configuration q can be calculated in two equivalent ways
where N q (l) is the number of clusters of size l, and n q (l) is the normalized number of clusters of size l with the definition n q (l) = N q (l)/N , which is important in percolation as it signals the information of cluster size distribution [37, 38] .
III. EXACT RESULTS IN ONE DIMENSION
As we have discussed that the many-body localized state can be mapped to a geometric site-percolation problem when the nontrivial weight is considered. Therefore, We can resort to a transfer-matrix method for the complete solution in one dimension [35] . The most important step here is to find a suitable representation such that a quantum state of the SU(N ) Hubbard model can be represented by a trap state in corresponding percolation problem [42] . Namely, we need to construct an one-to-one mapping between the enumeration of all ground states of the Hubbard model and the counting of the number of configurations when populating n particles with spin component 1, 2, · · · , N into N trapping cells. Thus we populate the particles with spin component σ = 1, 2, · · · , N to the trapping cells with following rules [42] : (1) Each trap j can be either empty or occupied by only one particle with spin component σ. (4) and SU(10) symmetries for instances, at the particle density p = 0.99, where p := n/N . As shown in Fig. 2(a) , each curve n(l) has a peak, whose height increases while width decreases, and whose center shifts to larger l when N increases, which is due to the increase of effective repulsion and the geometry restriction when populating particles into the lattice. The clusters of large enough size vanish in all the cases. The macroscopic magnetic moment scales to zero for all the cases, implying the ground state is paramagnetic at p = 0.99. Besides, the macroscopic magnetic moment for SU (10) is smaller than that of SU(3) at the same concentration, implying the formation of clusters large enough for SU(10) becomes harder than SU(3) (see most right side of Fig. 2(a) ), due to the nontrivial weight giving an effective repulsion, which becomes stronger with N increasing. We shall find these results are consistent with following analytic discussions.
In the thermodynamic limit (N → ∞ with n/N finite), (a) Cluster distributions in the thermodynamic limit and (b) macroscopic magnetic moments in 1D by transfer-matrix method for the Hubbard model with SU(3), SU(4) and SU(10) symmetries, at the particle density p = 0.99 and we have taken the number of traps N = 10 5 for SU(3), SU(4) and SU (10) . The macroscopic magnetic moments, S 2 max is calculated in the case all particles belong to one same cluster.
we obtain the cluster distribution
where z = e µ and λ max (z) is the real root with maximal absolute value among the N roots of the following equation with respect to λ,
in which the expression of f SU(N ) (z) depends only on z and N . Note that these N roots of Eq. (8) denoted by λ 1 , λ 2 , · · · , λ N together with 0 are the eigenvalues of the T-matrix in Appendix. B. We point out that the exact expression of f SU(N ) (z) may be complicated, but fortunately we can treat it as a coefficient function such that the main properties of the system, such as the shape of the cluster-distribution curve, can be obtained without its specific expression (See Appendix. B for detailed analysis). Equation (7) indicates that if z/λ max (z) < 1, clusters of large enough size will vanish. The percolation transition occurs when the condition z c /λ max (z c ) = 1 is satisfied. To determine the transition point z c , we assume all these N roots have the form λ = α(z)z with complex α(z). Substituting λ into Eq. (8), we obtain where i = 1, 2, · · · , N . If we vary α from 1 + to +∞, noting that we have assumed α is real (the assumption will be shown not important in following discussions), we can obtain z evovling from +∞ to 0 monotonously. It can be verified that there exists at least one real α(z) satisfying Eq. (8) for arbitrary z > 0, and the absolute value of α is no less than 1 (only if z → +∞). Hence the percolation transition occurs at z c → +∞. We further point out that at the critical point z c → +∞, we must have Re{α 1 , α 2 , · · · , α N } → 1 and Im{α 1 , α 2 , · · · , α N } → 0, where Re(Im){· · · } means the real(imaginary) part of {· · · } . Considering the macroscopic magnetic moment, we have
which implies the ground state is paramagnetic for finite z. Further calculation shows that the particle density p = n/N indeed approaches to 1 when z → +∞, in the thermodynamic limit. Hence the ground state is paramagnetic at the particle density p < 1 for arbitrary N , with an onset of ferromagnetism at p = 1. Theses results are consistent with our rigorous proof of flat band ferromagnetism for SU(N ) Hubbard model on the Tasaki lattice at filling p = 1 (see details in Appendix. A).
IV. PARA-FERRO TRANSITION IN TWO DIMENSIONS
The transfer-matrix approach is not valid for two dimensional system. We make use of Metropolis Monte Carlo method with important samplings for the nontrivial weights to simulate this percolation problem on 2D L×L Tasaki lattices with periodic boundary condition. A new configuration is accepted with the Metropolis probability min[1, W (q )/W (q)], in which q denotes the old configuration and q denotes a new configuration. Specifically, to obtain the density of particles versus chemical potential µ, we perform grand-canonical simulations with exchange Monte Carlo. We randomly choose a site and change its occupying status, i.e., if it is (not) occupied, we (populate) remove one particle. The percolation transition as a first order jump is shown in Fig. 3 , where the critical chemical potential µ c lays between concentrations p − and p + , which can be fixed by equal-size peaks. And the jumps are estimated to occur between p − ≈ 0.64(1) and p + ≈ 0.83(0) for SU(3) case, and to occur between p − ≈ 0.65(1) and p + ≈ 0.87(7) for SU(4) case, while to occur between p − ≈ 0.69(4) and p + ≈ 0.94(5) for SU (10) case, respectively.
In order to determine the macroscopic magnetic moments, we perform canonical simulations with given density of particles with various sizes of the lattice, and extrapolate them in the thermodynamical limit. In the canonical simulations, we generate a new configuration q from the old one q by randomly permuting the occupied status of two sites to guarantee the constraint that the number of particles is fixed. As shown in Figs. 4 (a) , (d) and (g), the macroscopic magnetic moments scale to zero at p = 0.64 for SU(3), at p = 0.65 for SU (4) and at p = 0.69 for SU (10) , which imply the groundstates are paramagnetic below such fillings. In Figs. 4  (b) , (e) and (h), the macroscopic magnetic moments scale to a finite values in the thermodynamic limit, which imply the phase coexistence regime. While as shown in Figs. 4 (c) , (f) and (i), the macroscopic magnetic moments scale to a finite values in the thermodynamic limit, and the values of S 2 /S 2 max are independent of the system size, which imply flat band ferromagnetism in the ground states. These results are consistent with those by grand-canonical ensemble: when p < p − , the ground state is paramagnetic, when p − < p < p + , the ground state falls into the phase-separation regime, and when p + < p < 1, the ground state is of unsaturated ferromagnetism. The onset density for ferromagnetism (p − ) we found for ferromagnetism increases with N , implying the effective repulsion becomes stronger with increasing N . The ferromagnetism of the ground state at filling p = 1 is further confirmed by rigorous proof in Appendix. A.
V. CONCLUSIONS
We have studied the SU(N ) Hubbard model on 1D and 2D Tasaki lattices, which can be mapped to an Nstate correlated percolation problem with a nontrivial weight. Utilizing a transfer-matrix method, we obtain the exact solution for 1D case, and we find for arbitrary N the ground state is paramagnetic when density p < 1. For 2D Tasaki lattice, we use the Metropolis Monte Carlo method. We take SU(N = 3, 4, 10) as demonstrations and obtain the para-ferro transition point is around p c (SU(3)) ≈ 0.64, p c (SU(4)) ≈ 0.65 and p c (SU(10)) ≈ 0.69 for the three cases, respectively. For 2D cases, due to the repulsive effect becomes stronger as N increases, it is reasonable to expect the phase transition point p c approaches to 1 at large N limit. Finally, we rigorously prove the flat band ferromagnetism when the number of particles equals to the degeneracy of the flat band in the single-particle energy spectrum. Similarly as the SU (2) case, we give a brief proof of the characterization of the ground states when there exists a flat band.
We denote the set of sites of the Tasaki lattice by Λ and the undecorated hypercubic lattice by V , then |V | = N .
We rewrite the Hamiltonian as following,
When there exists a flat band, the eigenstates of single particle are localized states and can be represented as {a † u,σ |0 }, where u = 1, 2, · · · , N denoting the trapping cells, σ = 1, 2, · · · , N denoting the spin component, and |0 denoting the vacuum state. Note that the trapping cells and the sites of the undecorated lattice have one-to-one correspondence, such that u also denotes the undecorated lattice sites. The specific expression of a † u,σ
where ϕ u i is defined as
and δ is the unit vector between the undecorated and decorated sites and c is the coordination number of the corresponding undecorated lattice. We have the commutation relation
with ε 0 the single-particle eigen-energy of the flat band. We first constructed a ferromagnetic ground state with all n particles in spin N component for H given by Eq. (1)
where A (with |A| = n ≤ N ) is an arbitrary subset of the undecorated lattice V . It can be verified that H 0 |Φ A,N = nε 0 |Φ A,N and H int |Φ A,N = 0. Then we define a state using the fully-polarized state |Φ A,N ,
where S − k,i is one of the lowering operator of the complete lowering/raising operator set {S 
is the sector of spin configuration of the i-th cluster. The arrangement of spin components in : : is non-decreasing from left to right, and the sum over permutation P takes account of all possible non-repeated spin configurations (σ u1 , · · · , σ u |C i | ) of the i th cluster. We have the commutation relation [S − k,i , H] = 0 which implies that Eq. (A8) is also ground state of H, and we will demonstrate that an arbitrary ground state can be expanded by states defined by Eq. (A8) with various A, {m i } and {S − k,i }. An arbitrary ground state |Φ GS can be written as
where A 1 , · · · , A N are subsets of V and satisfy
On the other hand, for the given subsets A 1 , · · · , A N , we can decompose them into connected components as
C k . By using the com-
In addition, we must have H int |Φ GS = 0, which results in c i,σ c i,σ |Φ GS = 0. Introducing the Gramm matrix G with
and defining
we have the completeness relation
and
where
We further define
which satisfy the anti-commutation relation
Then using the completeness relation (A12) and (A13), we obtain the expansion formulas
for any i ∈ Λ and σ = 1, 2, · · · , N . Substituting Eq.(A18-A19) into c i,σ c i,σ |Φ GS = 0, we can finally obtain two constraints of the coefficient
if . This characterization of ground states is important when mapping to a percolation problem as well as using the transfer-matrix method.
For the special case with n = N , there is only one cluster, and the states by linear combination of Eq. (A8) is the fully ferromagnetic states, which implies ferromagnetism of the ground state.
Appendix B: Transfer-matrix method for 1D Tasaki lattice As discussed in the main text, the populating rules of N −component particles over N traps can be expressed by a transfer matrix T, which reads
with z = e µ . The contribution of all possible configurations to the grand-canonical partition function can be calculated as
To calculate some physical quantities such as the average occupation number of the site n i , we introduce the Nmatrix,
and we have
Besides, we introduce the S-matrix, which means a sequence starting with an empty site,
the C-matrix, which means both neighboring traps in a sequence being occupied,
and the F-matrix, which means the last site of a sequence being followed by an empty one,
The C-matrix satisfies
In the thermodynamical limit N → ∞, the analytical results are involved. But fortunately we can still obtain some useful and exact results. For convenience, we diagonalize T-matrix with Λ = X −1 TX, where the diagonal matrix reads Before further calculations, it is necessary to analyze the properties of these N roots. It can be verified that if λ i is the root, then λ * i is also the root. In other words, there exit a pair of complex conjugate roots. Besides, we point out that there always exits a real root which has a maximal absolute value among the N roots as demonstrated by Fig. 5 .
We calculate the cluster distribution n(l): , λ max (z) is the root with maximal modulus of the N roots and max( = 1) is the index which satisfies (Λ) max,max = λ max . We emphasize again that λ max is real and if not, we will obtain a cluster distribution related to cos(N arg(λ ··· )), which will oscillate in the limit N → ∞ rather than converge to a fixed value. In order to determine the results in terms of the average occupation number p, in the thermodynamic limit we have, Tr XΛ N X −1 = 1 − (X) 1,max (X −1 ) max,1 .
We further let z → +∞, with the help of Eq. (9), we can obtain lim 
